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Abstract. In this paper, we introduce the notion of hom-big brackets, which is a gene¬ 
ralization of Kosmann-Schwarzbach’s big brackets. We show that it gives rise to a graded 
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1 Introduction 

The notion of hom-Lie algebras was introduced by Hartwig, Larsson and Silvestrov in [10] as 
part of a study of deformations of the Witt and the Virasoro algebras. In a hom-Lie algebra, the 
Jacobi identity is twisted by a linear map, called the hom-Jacobi identity. Some q-deformations 
of the Witt and the Virasoro algebras have the structure of a hom-Lie algebra [10]. Because of 
their close relation to discrete and deformed vector fields and differential calculus [10, 20, 21], 
hom-Lie algebras were widely studied recently [1, 24, 25, 31, 32]. 

The big bracket {•, •} on A*(V © V*) is exactly the graded Poisson bracket on T*V[1]. See 
[11, 17, 23] for more details. It was already clear that the big bracket was the appropriate tool 
to study the theory of Lie bialgebras. Many generalizations are made for the big bracket and 
there are many applications, e.g., in the theory of strong homotopy bialgebras [18], in the theory 
of Poisson geometry and Lie algebroids [12, 14, 16, 27], in the theory of deformations of Courant 
algebroids [2, 13], and etc. 

The purpose of this paper is to define the hom-analogue of the big bracket, i.e., the hom-big 
bracket, and provide a tool to study hom-structures. Since the Nijenhuis-Richardson brac¬ 
ket [26] on the direct sum ©^ Hom(A^V, V) is a part of the big bracket, first we define the 
hom-Nijenhuis-Richardson bracket [•, ■]a, where a G GL(IA), and show that the hom-Nijenhuis- 
Richardson bracket gives rise to a graded hom-Lie algebra. The hom-Nijenhuis-Richardson 
bracket has some good properties. On one hand, it can describe hom-Lie algebra structures, 
namely for p G Hom(A^lA, V), [p,p\a = 0 if and only if p satisfies the hom-Jacobi identity. On 
the other hand, for A,B € Hom(lA, V), we have 

\A,B\a = a.Aa~^Ba~^ — aBa~^ Aa~^. 

This bracket is exactly the one introduced in [30], which plays an important role in the repre¬ 
sentation theory. Then we introduce the hom-big bracket and show that it gives rise to a graded 
hom-Lie algebra. Moreover, it also gives rise to a purely hom-Poisson structure introduced in [22]. 

As the first application, we define hom-Lie bialgebras using the hom-big bracket. A Lie 
bialgebra [8] is the Lie-theoretic case of a bialgebra: it is a set with a Lie algebra structure and 
a Lie coalgebra one which are compatible. Lie bialgebras are the infinitesimal objects of Poisson- 
Lie groups. Both Lie bialgebras and Poisson-Lie groups are considered as semiclassical limits 
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of quantum groups. The solutions of the classical Yang-Baxter equations provide examples 
of Lie bialgebras. The horn-analogue of the Yang-Baxter equation and quantum groups are 
studied in [31, 32]. Furthermore, hom-analogues of a Lie bialgebra are studied in two approaches 
recently [29, 33]. The hom-Lie bialgebra defined here is the same as the one given in [33]. As 
a byproduct, we give the definitions of a hom-Lie quasi-bialgebra and a hom-quasi-Lie bialgebra. 
We hope that they are connected with hom-quantum groups [32]. They also provide a way to 
study the hom-analogue of Drinfeld twists. 

As the second application, we define hom-Nijenhuis operators using the hom-big bracket. For 
a Lie algebra (1, [•, •]!), a Nijenhuis operator is a linear map N: I —> [ satisfying 

[Nx,Ny]i = N{[Nx,y]i + [x,Ny]i - N[x,y]i), 

which gives a trivial deformation of Lie algebra 1 and plays an important role in the study of 
integrability of Hamilton equations [7, 15]. In general, a 1-parameter infinitesimal deformation 
is controlled by a 2-cocycle cj: 1 —)• 1 (see [26] for more details). In [4], the authors identified 

the role that Nijenhuis operators play in the theory of contractions and deformations of both 
Lie algebras and Leibniz (Loday) algebras. Nijenhuis operators on algebras other than Lie 
algebras, including for Loo-algebras, Poisson structures and Courant algebroids, can be found 
in [2, 3, 5, 9, 13, 15]. In [28], a notion of a hom-Nijenhuis operator was given. However, the 
hom-Nijenhuis operator defined here is different from the existing one. Similarly, the notion of 
a hom-O-operator is also different from the one given in [29]. But we believe that the current 
definitions are more reasonable (see Remarks 6.3 and 6.10) and this justifies the usage of the 
hom-big bracket. 

The paper is organized as follows. In Section 2, we recall notions of hom-Lie algebras, rep¬ 
resentations of hom-Lie algebras, hom-right-symmetric algebras, big brackets. Lie bialgebras 
and Nijenhuis operators. In Section 3, we give the definition of the hom-Nijenhuis-Richardson 
bracket [•, •]« and show that the composition gives rise to a hom-right-symmetric algebra struc¬ 
ture (Theorem 3.5). Consequently, [•,-]q- satisfies the hom-Jacobi identity. Then we obtain 
a new cohomology of a hom-Lie algebra via the hom-Nijenhuis-Richardson bracket, see (3.8). 
In Section 4, we give the definition of the hom-big bracket and show that it gives rise to 
a graded hom-Lie algebra (Theorem 4.3). In particular, it is consistent with the hom-Nijenhuis- 
Richardson bracket. In Section 5, we define a hom-Lie bialgebra using the hom-big bracket and 
describe it using the usual algebraic language. We also give the definitions of a hom-Lie quasi¬ 
bialgebra and a hom-quasi-Lie bialgebra. In Section 6, we define a hom-Nijenhuis operator and 
a hom-O-operator using the hom-big bracket and study their properties. 


2 Preliminaries 

Hom-Lie algebras and hom-right-symmetric algebras 
Definition 2.1. 

(1) A (multiplicative) hom-Lie algebra is a triple {V, [•,•],«) consisting of a vector space V, 
a skew-symmetric bilinear map (bracket) [•,•]: f\^ V —)• V and a linear map a: V ^ V 
preserving the bracket, such that the following hom-Jacobi identity with respect to a is 
satisfied 

[a{x), [y,z]] 4- [a{y), [z,x]] -h [oi{z), [x,y]] = 0. 

(2) A hom-Lie algebra is called a regular hom-Lie algebra if a is an algebra automorphism. 
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Definition 2.2. A representation of the hom-Lie algebra (H, [•,•], a) on the vector space W with 
respect to /S G 0l(kT) is a linear map /?: V —)> 0l(kB)) such that for all x,y the following 
equalities are satisfied 

p{a{x)) o /3 = j3 o p{x), 

P{[x, y]) o /3 = p{a{x)) o p{y) - p{a{y)) o p{x). 

Definition 2.3 ([24]). A hom-right-symmetric algebra is a triple (H, *, 7 ) consisting of a linear 
space V, a bilinear map *: VV and a linear map 7 : H —?• H preserving the multiplication 
such that the following equality is satisfied 

{x * y) * 7 ( 2 :) — 7 (x) * (y * z) = {x * z) * 7 ( 2 /) — 7 ( 37 ) * {z * y), Vx, y, z G H. 

Given a hom-right-symmetric algebra {V, *, 7 ), define [•, •]: /\^V —> V by [x, y] = x*y — y*x. 
Then {V, [•, -Jjy) is a hom-Lie algebra. 

Big brackets, Lie bialgebras and Nijenhuis operators 

Let H be a vector space, denote by © V*) = ©p+g=n(A'?+^H* © and A*(H © V*) = 

©^_2 A'^ iy © V*). We say that u is of degree juj, if u G aI“I(1/ © V*). The hig bracket 
{•,•}: y {V © V*) ® /\\V © V*) —© V*) is uniquely determined by the following 
properties: 

(i) for all x,y G V, {x, y} = 0; 

(ii) for all ^,r]GV*, {^, 7 } = 0 ; 

(hi) for all X G H, ^ G V*, {x,^} = ^(x); 

(iv) it is graded skew-symmetric, i.e., for all ei G A^(H © V*), 62 G a\V © V*), we have 

{ei,e 2 } = -(-l)“{e 2 ,ei}; 

(v) for all e G © V*), {e, •} is a graded derivation, i.e., for all ei G a\V © V*) and 

62 G A^(H © H*), we have 

{e, ei A 62} = {e, ei} A 62 + (-l)^'ei A {e, 62}. 

A Lie bialgehra is a triple {V,p,A), where p: L? V —)• V and A: V —A^H are linear 
maps (viewed as elements in yv* ®V and V* ® yV respectively) such that^ 

{/i + A, p + A} = 0. 

This is equivalent to 

• {V, p) is a Lie algebra; 

• (H*, A*) is a Lie algebra; 

• A{p{x,y)) = ad^ A(y) — ad!^ A{x), where ad^ is the action of the Lie algebra {V, p) on 
yV given by ad^(y A z) = p{x, y) A z + y A p{x, z). 

Using the big bracket, a Nijenhuis operator N: V —>■ V (viewed as an element in V* © V) 
on a Lie algebra (U, p) can be described by 

{N,{N,p}}-{N^p} = 0. 

'^In the sequel, we use the same notation for a multilinear map and the corresponding tensor. 




4 


L. Cai and Y. Sheng 


3 The hom-Nijenhuis—Richardson bracket 

The Nijenhuis-Richardson bracket is a graded Lie algebra structure on the space of alternating 
multilinear forms of a vector space to itself, introduced by Nijenhuis and Richardson [26]. In 
this section, we introduce the notion of hom-Nijenhuis-Richardson brackets and study their 
properties. 

Let R be a vector space. For any k >0, denote by C^{V, V) = Hom(A*^R, V) and C{V, V) = 
0^0 ^)- We say that P G C(R, V) is of degree k, if P e C^+^{V, V). 

Definition 3.1. Let a G GL(R) be an invertible linear map. The hom-Nijenhuis-Richardson 
bracket 

[•,•]„: C’^+\V,V) X &+\V,V) C’^+^+\V,V) 

is defined by 

[P,Q]a = PoQ-{-lfQoP, yPGC^+\V,V), Qe&+\V,V), (3.1) 

where the composition o is given by 

{PoQ){xi,...,Xk+i+i)= sgn{a)aP{a~^Q{a~^x„(^i),...,a~^x„(^i^i)), 

crE(^+l,Ai)-unshuffles 

^ ^(t(/+ 2 ) ; • • • ? , (3.2) 

in which is the inverse of a. 

Example 3.2. For all N G C^{V, V) and y G C^{V, V), we have 
[N,y]a = (Ada A^)(y), 

where Ada is the adjoint map, i.e., Ada A" = aNa~^. 

Example 3.3. For all P, Q £ C^{V, V) = 0 l(R), we have 

[P,Q]a = aPa~^Qa~^ — aQa~^Pa~^. 

In [30], the authors showed that ( 0 [(R), [•, •]a, Ada) is a hom-Lie algebra, which plays important 
roles in the representation theory of hom-Lie algebras. More precisely, any representation of 
a hom-Lie algebra 0 on R can be realized as a homomorphism from 0 to the hom-Lie algebra 
( 0 [(R), [•,•]«, Ada). 

The Jacobi identity can be described by the Nijenhuis-Richardson bracket. Similarly, the 
hom-Jacobi identity can be described by the hom-Nijenhuis-Richardson bracket. 

Lemma 3.4. Let y, G C'^{V,V) and a G GL(R). Then (V,/j,,a) is a hom-Lie algebra if and 
only if Ada h = T 

[y,y\a = 0. 

Proof. It is straightforward to see that Ada y = y is equivalent to that 

y{a{x),a{y)) = ay{x, y). (3.3) 

By (3.3), (3.1) and (3.2), we have 

[//,/r]a(axi,Q:x 2 .ax 3 ) = 2 [y{y{xi, X 2 ), axs) + y{y{x 2 ,X 3 ),axi) + y{y{x3, xi), 0 x 2 )) ■ 

Thus, [y, y\a = 0 is equivalent to the hom-Jacobi identity. ■ 



Horn-Big Brackets: Theory and Applications 


5 


About the properties of the composition o given by (3.2), we have 

Theorem 3.5. With the above notations, {C{y,V),o, Ada) is a hom-right-symmetric algebra, 
i.e., for all P,Q,W G C{V,V), the following equalities hold 

Ada{PoQ)= AdaPoAdaQ, (3.4) 

{PoQ)o Ada W - Ada p o {Q O W) = {P O W) O AdaQ - Ad„ Po{Wo Q), (3.5) 

where Ado,: V) — V) is given by 

AdaP{xi,.. .,Xk+i) = aP{a~^{xi),... ,a~^{xk+i)). (3.6) 

Proof. For all P G C^+^{V,V), Q G C^+^{V,V), W G C"^+\V,V) and xi,... ,Xk+i+ni+i G V, 
by (3.2), we have 


Ad„(Po Q)(a;i,.. .,Xk+i+i) 

= ^ sgn(cr)a^P(a~^Q(a~^Xa(i),...,a~^Xa(i+i)), 

crE (/+l,/c)-unshuffles 

^ ^(t(/+ 2); • • • ? Ct 

= ^ sgn(a)aAda(P)(a~^Ada(Q)(a~^Xa(i),...,a~^Xa(i+i)), 

ctE (/+l,/c)-unshuffles 

^ ^cr(/+ 2 ); • ‘ ‘ : O) ^(t(/c+/+ 1 )) 

= (Ada(P) O Ada(Q))(xi, . . .,Xk+l+l), 

which implies that (3.4) holds. 

Moreover, we have 

((P oQ}oAdaW- Ada Po(QoW)-(PoW)oAdaQ 
PAdaPo {W oQ)){xi,...,Xk+l+m+l) 

= sgn{a)a{PoQ)[W{a~‘^Xa(i),...,a~'^Xa(m+i)), 

crE(mH-l,fcH-/)-unshuffles 

^ ^(7(771 + 2)5 • • • ) 

Y sgn{a)a^P{a~‘^{QoW){a~^Xa{i),...,a~^Xa{i+m+i)), 

crE(/H-m+l,/c)-unshuffles 

^ ^cr(/+m+ 2 )? • ■ • ? Q; 

Y sgn{a)a{PoW){Q{a~‘^Xa(i),.-.,a~‘^Xa(i+i)), 

crE(/H-l,fc+m)-unshuffles 

^ ^(t(/+2); • • • ■) O!. 

+ Y oQ)[a~^Xa{l),...,a~^Xa{l+m+l}), 

crE(/H-m+l,/c)-unshuffles 

^ ^cr(/+m+ 2)5 • ‘ O!. 

= Y (-l)^+^sgn(cT)sgn(r) 

crE(mH-l,fcH-/)-unshuffles rE(/+l,/c)-unshuffles 

O. P ^r(T(m+ 2 ) ? • ■ • ? ) 5 ^ ? • ■ • ? ^a(m-\-l)} ; 

- Y Y (-l)'+^sgn(cT)sgn(r) 

(TE(/H-l,A:+m)-unshuffles rE(m+l,/c)-unshuffles 
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OL P{^OL W ^rfT{/+2) ? ■ ■ • ? 

® ®Tf7(m+Z+3)! • • ■ ) Cl 0. 

Thus, (3.5) holds. Therefore, (C(Y, Y), o, Adc) is a hom-right-symmetric algebra. ■ 

Corollary 3.6. (C(V,V}, [•,-]a,AdQ,) is a graded hom-Lie algebra, i.e., we have 

Ada{[P,Q]a) = [Ad„(P),Ad„(Q)]„, (3.7) 

[Ad„ W, [P, g]„]„ = [[IT, P]„, Ad„ Q]„ + (-l)l^l-l^l [Ad„ P, [IT, g]„]„. 

By Lemma 3.4 and Corollary 3.6, for any hom-Lie algebra (y,fi,a), there is a coboundary 
operator d: C^{V, V) —> C^+^(T, V), which is given by 

d/ = (-l)'=+M/i,/]„, V/ E C\V,V). (3.8) 

This formula can be easily generalized for any representation. More precisely, for any repre¬ 
sentation p of the hom-Lie algebra (T, p, a) on IT with respect to /?, define d: Hom( A^T, IT) —)• 
Hom(A^+iT,tT) by 


fe-i-i _ 

d/(xi,..., Xk+i) = ^(-1)*+V(a:i) {f{a~^xi,a-^Xi ,..., a~^Xk+i)) 
i=l 

+ /3f{p{a~‘^Xi, a~^Xj), a~^xi, ..., a-^Xi,a-^Xj,a~^Xk+i) ■ 

i<j 

Theorem 3.7. With above notations, d^ = 0. Thus, we have a well-defined cohomology. 

Proof. By straightforward computation. ■ 

Remark 3.8. The coboundary operator d given above is different from the one given in [30]. 
It turns out that cohomology theories are not unique for hom-Lie algebras. 

4 The hom-big bracket 

In this section, we introduce the notion of hom-big brackets. Let a: V —T be an invertible 
linear map, a~^ its inverse and a* : V* ^ V* its dual map. a induces a linear map from A^"’“^T 
to , for which we use the same notation, by 

a{X) = a{xo) A • • • A a{xp), V Y = xq A • • • A Xp E A^^^T. 

Similarly, (a“^)*: A'?+^ V* —)> /\^+'^V* is given by 

(a-i)*(H) = (a-i)*(^o) A • • • A (a-')*(e,), VH = A • • • A E A^+VL 

Define Ad^: A''+i V* ® AP+V ^ A‘'+V* ® A^+V by 

Ad«(“0Y) = (a-i)*(H)®a(Y). (4.1) 

In particular, we have 

Ad„(H) = (a-^)*(H), Ad«(Y) = a(X). 

Remark 4.1. For Y E T, (4.1) is consistent with (3.6). Thus, we use the same notation. 
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Definition 4.2. For an invertible linear map o. G GL(H), on the graded vector space A*(H©H*), 
we define the hom-big bracket: 

{•, •}«: (H © V*) © A™(H © V*) A"+’"(H © V*), 

which is uniquely determined by the following properties: 

(i) for all x,y £V, {x, y}a = 0; 

(ii) for all ry G H*, {^, 7y}„ = 0; 

(hi) For all X G H and ^ G V*, {x,^}q, = ^(a“^x); 

(iv) {•, 'Iq satisfies the following graded-commutative relation: 

{u,v}^ = -{-l)H-M{v,uU (4.2) 

(''^) { 5 ■}« is a graded Ad^-derivation, i.e., for all u,v,w G A*(1A © V*), we have 

{u A V, w}a = AdQ(u) A {u, w}o, + (— w}a A AdQ,(u). (4-3) 

In the classical case, the big bracket gives rise to a graded Lie algebra structure. Similarly, 
the hom-big bracket also induces a graded hom-Lie algebra structure, which is the main result 
in this section. 

Theorem 4.3. With the above notations, (A*(H©IA*), {•, •}„, Ada) is a graded hom-Lie algebra, 
i.e., for all P,Q,W G A*(IA © V*), we have 

Ada{P, Q}a = {Ada(P),Ada(Q)}a, (4.4) 

{Ada P, {Q, W}a}a = {{P, Q}a, Ada VF}a + (-1) {Ada Q, {P, VFjaja. (4.5) 

Remark 4.4. By Theorem 4.3 and the Leibniz rule (4.3), (A'CF©!^*), A, {•, - ja, Ada) is a purely 
hom-Poisson algebra, a notion which was introduced by Laurent-Gengoux and Teles in [22]. 

To prove the theorem, we need some preparations. For all H G , x,xi,... ,Xq G V, 

define the interior product if .: A'^'*'^ V* —>■ A'^V* by 

{ifE){xi,... ,Xq) := r.{or^x,a~^xi,... ,a~^Xq). 

We can get the following formulas by straightforward computations. 

Lemma 4.5. For all E G A*V*, x,y,z G V, we have 

(o-‘)*K=) = iSM((a-‘)-(=)), 

Furthermore, we have 

Lemma 4.6. For allx GV, E = A- • • A^g G A'^+^W, H G A^+^W, X = xqA- ■ ■ AXp G A^’+^P, 
Y = Pq A ■ ■ ■ Ayk G A^+^P, we have 

{x,^}a ix^"! 

P 

{X, n}a = (-1)P'+P ^(-l)^z“ n © a(xo A • • • A Xj A • • • A Xp), 

j=0 


(4.6) 

(4.7) 
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{H ® Y, n ® y}« = («■')*(=) 

j=0 

® a{xo A ■ ■ ■ A x'j A ■ ■ ■ A Xp) A a{Y) (4-8) 

k 

- ^{-lyiy.E A (a“^)*(n) ® a{X) A a{yo A ■ ■ ■ A yj A ■ ■ ■ A yk). 

j=0 

Proof. Since { , - jo is an Ado-derivation, we have 
{x, ^}q. = {x, A ■ ■ ■ A ^q—l A 

= {x,eO A • • • A A (a-^)*(^g) + (-l)''(a-^)*(^o A • • • A ^q-l) A {x,^q}a 

9 

= A • • • ACj-i) A {x,^j}a A (a~^)*(^j+i A ■ ■ ■ A ^q) = z“H. 

j=0 

Similarly, we have 


{^, n}o; — {^0 ^ A • • • A Xp^ nj-Q, 

= a(xo) A {xi A • • • A Xp, fljo + (-l)P('“^){xo, n}o (g) a(xi A • • • A Xp) 
p 

= ( —1)P^+P y^(—(g) a(xo A • • • A X j A • • • A Xp). 
j=0 

By (4.2), (4.3), (4.6) and (4.7), we have 

{H ® A, n ® y}o = {H ® A, n}o a a(y) + (_i)|s®^Mn| (a-i)*(n) A { “ ® A, y}o 

= (a-^)*(H) A {A, n}o A a(y) + (_i)|s®xMn|+|XMy| (a-i)*(n) a {H, y}o A a(A) 

= (a“^)*(H) A ^(—y^( —l)-^i"^n (g) q;(xo A • • • A x)-A • • • A Xp)^ A Q:(y) 

+ (-l)(P+'?)'+(P-Bfc+l(a-l)*(n) 

A ^y](-l)^i“ H ® a{yo A • • • A ?/)• A • • • A y^) j A a(A) 
p 

= (—1)P*+P y^(—l)ya“^)*(H) A ® a(xo A • • • A x)- A • • • A Xp) A a(y) 
j=0 

k 

- (-!)?>'+'? ^(-l)^i“ H A (a-')*(n) ® a(A) A a(yo A • • • A A • • • A y^). ■ 

j=0 

The proof of Theorem 4.3. We just need to prove the case: P = H(g)A, Q = n(g)y, 
W = O 0 Z. By (4.8), we have 

Ada{P,Q}a 

/ P 

= Ado ( (—1)^^^^ ^(“1)'^ (“~^)*(^) *”^44 ® a(xo A • • • A xj A • • • A Xp) A a{Y) 

^ j=o 

- ^ (“ ® “(4f) Aa(yo A • • • A A • • • A y^) j 

4—n / 


j=0 
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p 

= {-1)P^+P A H) ® a\xo A ■ ■ ■ A xj A ■ ■ ■ A Xp) A a^{Y) 

j=0 

k 

- ® a^{X) Aa^ivo A • • • A A • • ■ Ayu). 

3=0 

On the other hand, we have 

{Ad„ P, Ad„ Q)„ = {{q-‘)*(E) ® a(X), (a-')*(n) ® a{Y)}^ 

= (-Ijf'+I’ ^(-ly (a-2)*(=) A 

3=0 

k 

3=0 

A a^{yo A • • • A A • • • A yk). 

By Lemma 4.5, we get (4.4). 

By the Leibniz rule, (4.5) is equivalent to 

{{S,y}„,a(Z)}„ = -(-l)l=l-l^l{a(y),{H,ZU„, 

{(a-i)*(H),{n,y}„}^ = (-l)l=l-|n|{(a-i)*(n),{H,Z}4^. (4.9) 

By straightforward computations, we have 

k m 

{{s, y}a, a{Z)}a = (-1)^+^ ® A • • • A yi A • • • A yfc) 

i=0 j=0 

A a^{zo A ■ ■ ■ A Zj A ■ ■ ■ A Zm)- 

Similarly, we have 

m k 

{a(Y),{x.,ZU^ = = 

j=0 i=0 

(g) a^{yo A • • • A yi A • • • A yfc) A a‘^{zo A • • • A £)■ A • • • A Zm)- 

By Lemma 4.5, we get {{H, Tjo,, a{Z)}a = -(-l)l“l'l’^l{a(y), {H, Z}a}a- 

Similarly, we can prove that (4.9) holds. ■ 

At the end of this section, we show that the hom-big bracket is consistent with the hom- 
Nijenhuis-Richardson bracket. 

Proposition 4.7. For all “ G A-^+V*, H E A^+V*, x,yeV, we have 

{H (g) X, n (g) y}a = -{-iy’'[E 0 X, n 0 y]a. (4.10) 

Proof. By (4.8), we have 

{H 0 X, n 0 y}Q:(xi, . . . , Xq+l+l) 

= ((“~^)*(-) Ai“n0a(y) - (-l)'?'(a"^)*(n) A 0 a(x)) (xi,..., x^+z+i) 

= Y1 sgn(a)(a“^)*(“)(x^(i),...,x^(,+i))(i"n)(x^(g+2),---,a:^(g+«-yi))a(y) 
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crEOg+z + 1 

X {^(y. ^ (n), • • • 5 ^(j(/H-l))(^j/'—')(^( t(/+ 2)? • • • ; ^(T(g+/+1))*^(^) 

= X] 

crG(gH-l,/)-unshuffles 

X ^(j{l)i ■ • • 5 ^f7(gH-l))n( q; X, Oi ^(T(g+2); ■ • • 5 ^f7(gH-/+l))^( 2 /) 

- (-1)'^^ X] ®Sn(cT) 

crE(/+l, 9 )-unshuffles 

X II^O^ ^(j(l)7 ‘ ‘ Oi ^(t(/+1))'—'(^ Vi ^ ^cr(/+2)? ‘ ‘ Oi ^(T(g'+/+1)) 

= -(-l)''^f ^ sgn(cj) 

^ c7E(/+l,9)-unshuffles 

X a( “ (g) x) (q;“^ (n (g) y) (a“^x^(i),..., a~^x„iy+i )), a“^x^(i+2), ■ • •, a"^a:^(g+i+i)) 

- (-1)'^^ X] ®Sn(cT) 

cr E ( 9 +1, /) - unshuf f les 

X a(n(g) ?/)(a"^(S (g)x)(a"^x^(i),.. •, a“^x^(q+i)), a"^x„(q+2), • • •, a"^a:<^(g+i+i))^ 

= -(-1)'^^[S ® X, n ® y]a(xi, . . . , Xg+i+i), 

which implies that (4.10) holds. ■ 

5 Horn-Lie bialgebras 

The big bracket is a very useful tool to study bialgebra structures. In this section, we follow the 
classical approach to define a hom-Lie bialgebra using the hom-big bracket, which turns out to 
be the same as the one given in [33]. Furthermore, using the hom-big bracket, it is very easy to 
give the notions of hom-Lie quasi-bialgebras and hom-quasi-Lie bialgebras. 

First we describe hom-Lie algebras and hom-Lie coalgebras using the hom-big bracket. 

Proposition 5.1. Let V be a veetor space and y: Y —)• Y a skew-symmetric bilinear map 

satisfying Ado fJ- = y- Then we have 

h{x,y) =-{{h,a~^{x)}^,y}a, Vx,yGY. (5.1) 

Furthermore, {y,pL}a = 0 if and only if y satisfies the horn-Jacobi identity with respect to a. 
Proof. By (3.2), (3.7), (4.10) and the fact that Ada/i = h-, we have 

y{x,y) = ay{pr^(x),a~^{y)) = {yox){y) = [y,,x\a{y) = (Ad^ [y,a~^{x)]^{y) 

= a([/x,a"^(x)]^)(a"^(y)) = [/r,a"^(x)]^ o y = [[F.a-^{x)\^,y]^ 

= [{y,a-\x)]^,y]^ = -{{ix,a-\x)} ^,y] 

The second conclusion can be obtained directly by Lemma 3.4 and Proposition 4.7. Here we 
give another proof using the hom-big bracket. By (4.5) and (5.1), we have 

{{{{T,lAo^.a-^{x)]^,y]^,a{z)]^ = 2{{{/r, {y,a-‘^{x)] J^,y]^,a{z)]^ 

= {{y,a-‘^{x)}^,a-^{y)]^]^,a{z)]^ + 2{{{y,a-^{y)]^,{y,a-^{x)]^]^,a{z)}^ 

= -2{{/i,4a> + 2{{/i,y}a, {{y, a-^ [x)] z} J ^ 
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+ 2{{{n,a 

= -2{n{a{z), n{x, y)) + y{a{y), y{z, x)) + y{a{x), y{y, z))), 

which implies that {y, fi}a = 0 if and only if /x satisfies the hom-Jacobi identity. ■ 

Proposition 5.2. Let V be a vector space and A: H —)■ a linear map satisfying Ado- A = A. 
Then we have 


A(a:) = {A, x}q,, VxGH, 

= -{{A, VC,r? G HA 

Furthermore, {A, Aj^ = 0 i/ and only if A* satisfies the hom-Jacobi identity with respect to a*. 

Proof. Let {ei, ..., Cn} be a basis of V and {e^, ..., e”} the dual basis of V* . Assume A = 
A^’-^e^ (8) Cj A Cj, then we have 

i,j,k 

{A,x}a = I ^ A^’-^e^ (g) Ci A ej,x| = A'lf e^ {a~^x)a{ei Aej) 

= (Ada A)(a;) = A(x). 

Furthermore, by Ada A = A, we have 


= - (Ada Ada A)(7?,0 

= (a“^)*(e'') «'a^(ei) Aa2(e^.)Vjy,^) 

^ i,j,k ^ 

= - ^Al^ [a-y {e'^){y{a^ei)i{a^ej) - ^{a^ei)y{a^ej)) 

i,j,k 

= -| ® ifia^ej)a(ei)-^{a‘^ei)a(ej)), (a^)*(r?) 

= -{{A,(a3)*(0}„,(a^)*(,)}a. 

Finally, we have 

{{{{A,A}a,(a^)*(6}a,(«^)*(^)}a>(«^)*(^)}« 

= 2{{{A, {A, (a6)*(0}„L, (a^)*(^)L, (a^)*(^)L 
= 2{{A, {{A, (a®)*(0}„, (a^)*(^)L 

+ 2{{{A,(a^)*(,)}^,{A,(a^)*(OL},,(a^)*(5)}„ 

= -2{{A, (a^)*(5)}^, {{A, (a^)*(6}a, («^)*(^)}a}„ 

+ 2{{A, (a^)*(,)}^, {{A, (a^)*(OL, K)*(5)} 

+ 2{{{A,(a^)*(,)}„,(a^)*(5)}„,{A,(a^)*(OL}„ 

= 2{{A,(a^)*(5)}„,A*((a2)*(0,(a^)*(^))L 

-2{{A, (a^)=^(,?)}^,A=^((a2)*(0,(a^)*(5))L 

-2{A*((a2)*(,?),(a2)*(5)),{A,(a^)*(OLL 

= -2 (A* {a* (6) ,A*{tv))+A* {a* (r?), A* (S, 6) + A* {a* (0, A* (r?, 5))), 


which implies that {A, A}a = 0 if and only if A* satisfies the hom-Jacobi identity with respect 
to a*. ■ 
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Now we give the notion of a hom-Lie bialgebra using the hom-big bracket. 

Definition 5.3. Let Y be a vector space, a G GL(f/), fi: A^V —^ V and A: Y —^ f\^V linear 
maps satisfying Ada /r = /r and Ada A = A. The quadruple (Y, /r, A, a) is a hom-Lie bialgebra if 

{/i -|- A, /i -|- A}q, = 0. (5-2) 

It is helpful to describe a hom-Lie bialgebra using the usual algebraic language. 

Proposition 5.4. With the above notations, a quadruple (Y, //, A, a) is a hom-Lie bialgebra if 
and only if 

(i) (Y, g,, a) is a hom-Lie algebra; 

(ii) (Y*, A*,a*) is a hom-Lie algebra; 

{Hi) A(/i(x,y)) = ad|^^^^ A(y) — ad^^^^ A(x), for all x,y G V, where ad^ is the action of the 
hom-Lie algebra {V, pL, a) on/\^V given by adl^{y A z) = fi{x,y) A zy/\ p,{x, z). 

Proof. It is obvious that (5.2) holds if and only if 
{|U, /x}a = 0, {A, A}a = 0, {/r, A}a = 0. 

By Propositions 5.1 and 5.2, (i) and (ii) hold obviously. One can also prove that {fi, A}q = 0 if 
and only if (hi) holds. We omit details. ■ 

Remark 5.5. The definition of a hom-Lie bialgebra given above is the same as the one given 
in [33]. However, to obtain the Manin triple theory, we need to follow the approach given in [29]. 

At the end of this section, we give the notions of a hom-Lie quasi-bialgebra and a hom-quasi- 
Lie bialgebra. 

Definition 5.6. Let Y be a vector space, a G GL(Y), p,-. A^ V —)• Y and A: Y —)• A^Y linear 
maps satisfying Ada h = h Ada A = A. 

(i) The 5-tuple (Y, //, A, a, (f) is called a hom-Lie quasi-bialgebra, if 

{<f> -\- la -\- /S., (j) -\- jj, -\- A}a = 0 (5-3) 

with (j) G A^Y satisfying a{f>) = (j). 

(ii) The 5-tuple (Y, /x. A, V’, a) is called a hom-quasi-Lie bialgebra, if 

{/X V^}a = 0 

with G A^Y* satisfying (a“^)*('0) = xf. 

Using the usual algebraic language, we have 

Proposition 5.7. With the above notations, a 5-tuple (Y, p,, A, a, (f) is a hom-Lie quasi-bialgebra 
if and only if 

(i) (Y, n, a) is a hom-Lie algebra; 

{ii) /\*{a*f,,A*{ri,5)) + c.p. = a*? + c.p., for all C,t /,7 G V*; 

{Hi) A(/x(x, y)) = ad(((^) A{y) - adj^^^^ A{x), for all x,y G V; 

{iv) = 0, where d* is given by (3.8) determined by A*. 
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Proof. By (5.3), we have 

{/r,//}a = 0, 5 {A, A}q, + = 0, {^,A}„ = 0, {A,(/>}o = 0, 

which gives (i)-(iv) respectively. ■ 

Similarly, we have 

Proposition 5.8. With the above notations, a 5-tuple {V, pL, A, a, tp) is a horn-quasi-Lie bialge¬ 
bra if and only if 

(i) z)) + c.p. = a(z) + c.p., for all x,y,ze V; 

(ii) (P*, A*,a*) is a hom-Lie algebra; 

{Hi) A(/i(x, y)) = A(?/) - ad(((^) A(x), for all x,y G V; 

(iv) df: = 0, where d is given by (3.8) determined by y. 


6 Hom-Nijenhuis operators and horn-(9-operators 

In this section, we give the notion of a hom-Nijenhuis operator using the hom-big bracket. We 
show that a hom-Nijenhuis operator gives rise to a trivial deformation. Furthermore, a new 
definition of a Hom-O-operator is given. 

Definition 6.1. Let {V, y, a) be a regular hom-Lie algebra. A linear map N: V —>■ V satisfying 
Ado N = N is called a hom-Nijenhuis operator if 

{N, {N, y}a}a - {N o N, y}a = 0, 

where o is defined by (3.2). 

The next proposition characterizes a hom-Nijenhuis operator using the usual algebraic for¬ 
mula. To be simple, we write y{x, y) by [x, y] in the sequel. 

Proposition 6.2. Let {V,y,a) be a regular hom-Lie algebra. A linear map N: V —> V satis¬ 
fying Ado N = N is a hom-Nijenhuis operator if and only if 

[Nx, Ny] = N[Na~^x,y] -\- N[x, Na~^y] — N‘^[a~^x,a~^y], \/x,yGV. (6.1) 

Proof. By the fact Ado N = N, we have 

-{N, y}o = [N,y]^ = Noy= (Ado N){y) = N{y). (6.2) 

Therefore, we have 

-{{{^,L}a,a-^x}^,y}^ = -{{iV, {y,a-^x}J^,y}a + {{{N,a-^x}y}^,y}^ 

= -{N,{{y,a-^x}^,a-^y}Ja - {{N,a-^y}^,{y,a-^x}J^ 

+ { {N,a-^x}^, {y, a-^y}J^ - {{ {iV, a'^x}^, y}^ 

= —N[a~^x,a~^y] -\- [x, Na~^y] -\- [Na~^x,y]. (6-3) 

By (6.2) and (6.3), we have 


{A, {{{A,;u}o,a ^x}^,y}J^ = N[Na ^x,y] + N[x,Na ^y]-N'^[a ^x,a ^y], (6.4) 
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By (5.1), (6.2)-(6.4), we have 

{{{N, {N, fj.}a}a -{NoN, n}a,x}a, ay}a = {{{Y, {N, fl}a}a, x}a, ay}a 
-{{NoN,{y,a-^x}J^,ay}^ + {{{NoN,a-^x}^,fi}^,ay}^ 

= {{Y, {{N,fi}a,a-^x}J^,ay}^ - {{{N,a-^x}^,{N, y}^}^,ay}^ 

- {N o N,{{y,a~'^x}^,y}J^ - {{N o N,y}a,{fJ-,x}a}a + [Y^(a"^x), ay] 

= {Y, {{{Y,y}«,a“^x}^,y}^}^ + {{Y,y}«,{{Y,/i}„,x}„}„ 

+ { {{Y, y}a,N{a~^x) ay}^ - Y^ [a~^x, a"^y] 

+ [ax,Y^a“^y] + [Y^a“^x, ay] 

= (—Y^ [a“^x, a“^y] + Y[x,Ya“^y] +Y[Ya“^x,y]) 

+ (Y[x, Ya“^y] — [ax,Y^a“^y] — [Yx, Yy]) 

+ (Y[Ya“^x,y] — [Yx,Yy] — [Y^a“^x,ay]) 

— Y^ [a“^x, a“^y] + [ax,Y^a“^y] + [Y^a“^x,ay] 

= 2(Y[Ya“^x, y] +Y[x,Ya“^y] — Y^ [a“^x, a“^y] — [Yx,Yy]). 

Therefore, Y is a hom-Nijenhuis operator if and only if (6.1) holds. ■ 

Remark 6.3. The definition of a hom-Nijenhuis operator given above is different from the one 
given in [28]. In [28], a hom-Nijenhuis operator on a hom-Lie algebra (Y, [•, •],a) is defined to 
be a linear map Y: V —?• V satisfying ao N = N o a and the following integrability condition 

[Yx, Yy] = Y[Yx, y] -|- Y[x, Yy] — Y^[x, y]. (6.5) 

Comparing with (6.1), (6.5) does not contain the information about the homomorphism a. 
Thus, We believe that the current definition is more reasonable. This justifies the usage of the 
hom-big bracket. 

Now we consider deformations of a hom-Lie algebra. Let {V, [•, •],a) be a hom-Lie algebra 
and to G Hom(A^Y, V), define 

[x,y]t-=[x,y]+tuj{x,y), t G M. 

For all t, (y, [•, •]t, a) is a hom-Lie algebra if and only if 

Ada OJ = UJ, 

[uj{x,y),a{z)] + uj{[x,y],a{z)) + c.p.{x,y, z) = 0, ( 6 . 6 ) 

w(w(x, y), a{z)) + c.p.(x, y, z) = 0. (6.7) 

Note that ( 6 . 6 ) is equivalent to (da;)(ax, ay, az) = 0 and (6.7) is equivalent to [cj, a;]Q(ax, ay, az) 
= 0. That is to say, {V, [•, ■]t,a) is a hom-Lie algebra for all t if and only if {V,uj,a) is a hom- 
Lie algebra and do; = 0. In this case, we say that uj generates a 1-parameter infinitesimal 
deformation. 

Definition 6.4. A deformation is said to be trivial, if there exists a linear operator Y: V —?• V 
satisfying Ado- Y = Y such that 


(a -F tY)[x,y]i = [(a -h tN){x), (a -F tY)(y)]. 


( 6 . 8 ) 
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The condition ( 6 . 8 ) is equivalent to 

oj{x,y) = [x,Na~^y] + [Na~^x,y] - N[a~^x,a~^y], 

N{u){x,y)) = [Nx,Ny]. 

Therefore, is a hom-Nijenhuis operator. Thus, a trivial deformation gives rise to a hom- 
Nijenhuis operator. The converse is also true. 

Theorem 6.5. Let N be a hom-Nijenhuis operator. Then a deformation can he obtained by 
putting 

uj{x,y) = -{{{N,y}a,a-^x}^,y}^. 

Furthermore, this deformation is trivial. 

Proof. Obviously, a; = dA^. Therefore, ( 6 . 6 ) holds naturally. By Ad^ N = N and Ad^ y = y, 
we can deduce that Ad^ uj = u. Finally, we need to check the hom-Jacobi identity for ui, which 
follows from the Nijenhuis condition (6.1). We omit details. Therefore, w generates a trivial 
deformation. Furthermore, also by (6.1), it is straightforward to see that ( 6 . 8 ) holds. Thus, this 
deformation is trivial. ■ 


As in the classical case, any polynomial of a Nijenhuis operator is still a Nijenhuis operator. 
The following formula can be obtained by straightforward computations. 

Lemma 6 . 6 . Let N be a hom-Nijenhuis operator acting on a hom-Lie algebra {V, [•, •],«). Then 
for all i,j G N, there holds 

[N^x, N^y] - N^ [x, N^a-^y] - N^ [N^a-^x, y] + [a"%, a"*y] =0, Vx, y E H. 

Theorem 6.7. Let N be a hom-Nijenhuis operator acting on a hom-Lie algebra (H, [•,•],«). 

n ^ i 

Then for any polynomial P{z) = X] ••• oN is a Nijenhuis operator, 

7=0 7=0 

where o is defined by (3.2). 

Proof. By Lemma 6 . 6 , we have 


[P{N)x, P{N)y] - P{N) [P{N)a-^x, y] - P{N) [x, P{N)a-^y] + {PiN)f 

n 

= ^ CiCj{\N^a~^~^^x,N^— N^a~^~^^\N^a~'‘x,y\ 
i,j=0 

— [x, N^a~^y'\ -t- N"^^^ [a“^x, ) 

n 

= ^ CiCj{\N^a~^~^^x,N^a~^~^^y\ — A^-^ [A^*q:“*“-^’''^x, 
i,j=0 

— Ai® [q;“®+^x, N^a~^~^^^y'\ + \a~^~^^^x, a~'^~^^^y\) = 0. 

Therefore, P{N) is a Nijenhuis operator. ■ 


At the end of this section, we introduce a new definition of a hom-O-operator, which is 
a generalization of an O-operator introduced by Kupershmidt in [19]. 

Definition 6 . 8 . Let (V, [•, •],«) be a hom-Lie algebra and p: V —)• 0 l(VF) a representation of 
(y, [•, -IjQ;) on W with respect to /3 E GL(VF). A linear map T: W ^ V is called a hom-O- 
operator if T satisfies 

T o fi = a o T, 

[Tu,Tv], = T{p{T{r\))v - p{T{fj-\))u). 
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Lemma 6.9. With the above notations, a linear map T: W ^ V is a hom-O-operator if and 
only i/ (o o) ® hom-Nijenhuis operator for the semidirect product hom-Lie algebra V Kp W. 

Proof. By straightforward computations. ■ 

Remark 6.10. As in the case of hom-Nijenhuis operators, the above definition of a hom-O- 
operator is different from the one given in [29]. Now our principle is that T is a hom-O-operator 
if and only if ( q is a hom-Nijenhuis operator as the above lemma shows. Since the present 
definition of a hom-Nijenhuis operator is different from the one given in [28] (see Remark 6.3), it 
is reasonable that the definition of a hom-O-operator is also different from the old one. Recently, 
some applications of hom-O-operators were given in [6]. 

As in the classical case, a hom-O-operator can give rise to a hom-right-symmetric algebra. 

Proposition 6.11. Let (V, [•,•], a) be a hom-Lie algebra and p: V —?• 0l(VP) a representation 
of iy, [•, •], a) on W with respect to (3 € GL(IY). Suppose that T: W ^ V is a hom-O-operator. 
Then (VF, *,/3) is a hom-right-symmetric algebra, where the multiplication * is given by 

u * u = p(T(/3“^u)) (u), Vu,uGVF. 

Proof. By T o (5 = aoT and the fact that p is a representation, we have 

I3{u *v) = /3(p(r(/3"^u))(u)) = p(a(r(/3"^u)))(/3(M)) = p{T{v)){j3{u)) = I3{u) * j3{v), 

which implies that /3 is an algebra homomorphism. Furthermore, we have 

(n * u) * I3{w) — /3{u) * {v * w) — {u * w) * f3{v) -\- I3{u) * (w * v) 

= p{T{w)){p{T{r^v))iu)) - p{T{/3-^p{T{/3-^w))iv)))iyu)) 

-p(r(u))(p(r(r'^/^))(n))+p(r(rV(T(rM)H))(/3M) 

= pT{r^p{T{r^v))iw) - r^p{T{r^w))iv)) (yu)) 

- p{a oT{f3~^v)) {p{T{I3~^w)){u)) + p(a oT{P~^w)) [p{T[^~^v)){u)) 

= pa~^ oT{p{T{(3~^v)){w) - p{T{l3~^w)){v)){l3{u)) - p{[T{I3~^v),T{I3~^w)]){I3{u)) 

= pa~^{[T{v),T{w)]){yu)) - p[[T{l3-^v),T{l5~^w)]){l3{u)) 

= p[[a~^T{v),a~^T{w)\){yu)) - p[\T{l3~^v) ,T[l3~^w)]){yu)) 

= p{[T o r\v),T o ^-\w)\){yu)) - p{[T{r^v),T{(5-^w)]){yu)) = t). 

Therefore, (IF, *,/3) is a hom-right-symmetric algebra. ■ 
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